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ABSTRACT

A classroom proposal is presented to integrate contents of Graph Theory and Linear Algebra in complete 
bipartite graphs, linking adjacency and Laplacian matrices, the eigenvalues of graphs will be determined, 
applicable to connectivity concepts. Students will be given exploration activities working with GeoGebra 
software, starting from several particular cases, with table works and questionnaires to be completed, in 
order to determine patterns on the eigenvalues of adjacency and Laplacian matrices of complete bipartite 
graphs. The work with patterns will lead to the generalization process, to abstract properties from observation 
and experimentation on examples. This learning experience builds bridges between the concrete and the 
symbolic, and the student is initiated in research.
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RESUMEN

Se presenta una propuesta áulica para integrar contenidos de Teoría de Grafos y Álgebra Lineal en grafos 
bipartitos completos, vinculando matrices de adyacencia y Laplaciana, se determinarán los autovalores de 
grafos, aplicables a conceptos de conectividad. Se plantearán a los estudiantes, actividades de exploración 
trabajando con el software GeoGebra, partiendo de variados casos particulares, con trabajos de tablas y 
cuestionarios a completar, para que se llegue a determinar patrones sobre los autovalores de las matrices 
de adyacencia y Laplaciana de grafos bipartitos completos. El trabajo con patrones conducirá al proceso de 
generalización, a abstraer propiedades a partir de la observación y de la experimentación en ejemplos. Con 
método inductivo se realizará la demostración de regularidades observadas.Esta experiencia de aprendizaje, 
tiende puentes entre lo concreto y lo simbólico, y que el estudiante se inicie en investigación.

Palabras clave: Grafo Bipartito Completo; Autovalores; Generalización.

INTRODUCTION
The starting point of this presentation is the realization of activities linking research and classroom teaching 

activities. It is part of a research project of the UNSJ 2023-2024, which aims to:
To develop lines of research work in mathematics education that address the development of cognitive 

activities to find regularities, modeling with algebraic resources, and using new technologies.
To develop logical-mathematical thinking skills in students with activities involving generalization situations 

as a strategy for teaching problem-solving.
The main objective is to determine if the Laplacian Matrix associated with complete Bipartite Graphs, for 

different numbers of nodes presents regularity in its eigenvalues and then establish a link with the eigenvalues 
of the Adjacency Matrix, the process of exploration in an increasing way by increasing the number of nodes, 
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will be done with the free software Geogebra.
Given the difficulty in achieving algebraic learning in students who are not specifically mathematics majors, 

Lesley and Freimman (2004) and Papic (2007) point to the exploration and generalization of patterns as an 
essential approach in mathematical work and a powerful means for the development of algebraic thinking, 
which is what is guided by the use of GeoGebra. The second step will guide the generalization processes for 
developing algebraic thinking.

UNESCO (2005): the incorporation of ICT in education has the function of being a means of communication, a 
channel of communication and exchange of knowledge and experiences, an instrument to process information, 
a source of resources, an instrument for administrative management, a playful medium and cognitive 
development. All this leads to a new way of elaborating a didactic unit and, therefore, of evaluating because 
the ways of teaching and learning change; the teacher is no longer the manager of knowledge but a guide that 
allows orienting the student in front of his learning, in this aspect, the student is the “protagonist of the class,” 
because he is the one who must be autonomous.

Specifically in the proposal of the present Learning Sequence, the study begins with the approach of 
exploration activities increasing in difficulty with the use of GeoGebra through its algebraic interfaces and 
CAS view, working gradually according to the number of vertices of the graph, generating a large number of 
matrices to which the eigenvalues must be found. Based on this material, it is possible to move on to the stage 
of analysis and subsequent search for patterns, which contribute to the generalization and formalization of 
mathematical conjectures.

GeoGebra is an easy-to-use dynamic mathematics software that allows the association of geometric and 
algebraic objects to solve complex situations. The software allows for creatively addressing mathematical 
problems in different areas of knowledge, such as science education, technology, engineering, and mathematics, 
creatively and originally, bringing innovation to teaching and learning, which motivates the students’ work.

It is worth mentioning that, for the development of this topic, the reader would only need to have previous 
knowledge about some notions of Linear Algebra, such as matrices, proper subspaces, characteristic polynomials, 
autovectors, and eigenvalues, basic concepts of Graph Theory, and minimal use of GeoGebra software.

This document is articulated in a theoretical framework that supports the proposal. This section presents 
definitions and properties around the essential notions applied throughout the article. This development 
consists of two parts: the first one shows the different cases that could be analyzed with the software, and the 
second one deals with how the analyzed and obtained in the first stage will lead to the formalization of the 
characteristics and properties of the eigenvalues of adjacency matrices and Laplacian matrices. Finally, the 
conclusions referring to this type of didactic experience are presented.

METHOD
The didactic proposal presented is framed in the Theory of Realistic Mathematics Education (RME), where 

the student’s learning process takes place at different levels; in this regard, Zolkower, B. and Pérez, S. (2012): 
“RME understands learning as a discontinuous process that involves increasing levels of structuring, abstraction, 
generalization and formalization” and the principles on which it is based are:

1) Phenomenological exploration: the search for significant and not pre-structured phenomena to develop 
the student’s intuitive notions that lead them to form mathematical objects.

2) The use of models and symbols: the development from these intuitive notions, informal and linked to 
contexts, of more formal mathematical notions in the process of progressive mathematization.

3) Using students’ constructions and productions: Since what students do by themselves is meaningful, using 
their constructions and productions during the teaching process is essential for them to learn to mathematize.

4) Interaction: in situations of interaction, the contributions of different students can be compared and 
contrasted, which allows them to reflect on the mathematical activity, both their own and that of others, 
considering the relative advantages of different models and forms of symbolization.

5) The interweaving of curricular axes and themes: it is essential to consider didactic sequences in their 
multiple interactions”. (Zolkower and Perez, 2012, p. 176).

Implementing technological resources in the classroom is relevant so that the student can be introduced 
to experimentation, discovery, reflection, and research through dynamic learning enabled by computer tools. 
From this point, Barreiro, Leonian, Marino, Pochulu, and Rodriguez (2017) state that:

If we go back to our present, we can think that this transition forces us to change our objectives, to put 
the focus on another place, valuable and demanding, where some calculations, graphs, accounts, etc., can be 
solved immediately by technology so that we go for more. (p.72)

The incorporation of the free software GeoGebra, as the technological tool that can respond to these tasks, 
is due to its free manipulation and potential as a mathematical program, providing a wide variety of work 
views, commands, and tools.

Lesley and Freimman (2004) and Papic (2007) point to the exploration and visualization of patterns as an 
essential proposal in mathematical work and a powerful means for the development of algebraic thinking, which 

 LatIA. 2024; 2:51  2 

ISSN: 3046-403X



is what is guided by the use of GeoGebra for the subsequent achievement of generalization of regularities in 
an algebraic solid work. Cañadas, Castro, and Molina (2010) state, from a semiotic perspective, that students 
generalize when they can identify a pattern from some instances and apply this common feature to other 
particular cases, which had not been considered so far.

The second step proposed is to lead to generalization processes, emphasizing the development of inductive 
reasoning, which allows the discovery of new knowledge using conjectures based on the observed regularity of 
particular cases. The inductive method is the basis of the positivist research paradigm since it is the only valid 
method for generating knowledge, starting from empirical evidence and wholly stripped of subjectivism.

Joshua, S. and Dupin, J. (2005) state that generalization is constructed thanks to the abstraction of essential 
invariants. The abstracted properties are relations between objects rather than objects, and decontextualization 
is the primary generalization process. The patterns found belong to the numerical and geometric domains.

Previous knowledge
A brief review of the key concepts that the student should keep in mind when working with this didactic 

proposal is presented.
Regarding Linear Algebra topics:
Sea A = (aij) Mnxn : is called:
Eigenvalue of A (Eigenvalue of A), to the number, for which the system

Eigen subspace of A corresponding to the eigenvalue to the set defined by: 
•	 Characteristic Polynomial of A: to the polynomial P () = det (A - I)
•	 Characteristic Equation of A: det (A -I) = 0
•	 Spectrum of A (or spectral space): is the set of eigenvalues of A. Spectrum (A)
•	 If A is a diagonal matrix, its spectrum is the values located on the diagonal.
•	 Theorem: A is symmetric if and only if it is an orthogonally diagonalizable matrix.
•	 Theorem: a) A symmetric matrix with all its real elements has only real eigenvalues.
•	 Any two eigenvectors of a symmetric matrix A corresponding to two different eigenvalues are 

orthogonal.

Regarding Graph Theory
Graphs allow the study of interrelationships between units that interact with each other. In mathematics 

and computer science, an undirected graph G = (V, E) is a pair formed by: V = {V1, V2, … , Vn} ≠ 0 (the elements of 
which are called vertices or nodes), is a symmetric binary relation (whose elements are called edges or axes).

For each undirected network G = (V, E) con|v| = n y |e| = m, can be defined:
The incidence matrix, which will be indicated with:
 

The adjacency matrix, which will be indicated with:

The Laplacian matrix, is defined as:

Once the adjacency matrix is known, the alternative definition of the Laplacian matrix is as follows:
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The Laplacian matrix also called the admittance matrix or Kirchhoff matrix, is another matrix representation 
of a graph used to study the spectral theory of graphs.

If, in addition, the vertex set V can be partitioned into two sets A and B, such that V=A∪B y A∩B=∅, edges 
can only connect vertices of one set with vertices of the other set; this is formally: ∀x1,x2∈A; ∀y1,y2∈B; no 
there is no edge e=(x1,x2) ni e=(y1,y2), then the graph G=(V,E) is called a bipartite graph.

A complete bipartite graph is a bipartite graph in which all vertices of one subset are related to all vertices 
of the other subset.

Yes |𝑉| = 𝑛 + 𝑚, y |𝐴| = 𝑛 , |𝐵| = 𝑚, to grafo bipartito completo is indicated∶ Kn, m 

Figure 1. Laplacian and graph adjacency matrices K2,m

First stage: Exploration with GEOGEBRA
The classroom experience begins with the filling out of lists from what has been obtained with the software: 

1. ACTIVITY: “Complete the three information tables of the K2, m graphs.”
•	 With the help of GeoGebra software, generate the Laplacian and adjacency matrices of the 

complete bipartite graphs for m=1, m=2, m=3, m=4, m=5, and obtain the eigenvalues associated 
with both matrices.

•	 Observing what has been obtained above, write conjectures about the Laplacian matrices 
and their eigenvalues for any value of “m.”

•	 Observing what has been obtained above, write conjectures about adjacency matrices and 
their eigenvalues for any value of “m”. With the help of GeoGebra software, verify that the given ones 
are eigenvectors. Generate examples of eigenvectors and write conjectures for any value of “m”. 

Activities to work in groups, in a computer lab, or individually.

Table 1. Laplacian and graph adjacency matrices K2,m

Graph 
K2,m Laplacian Matrix Proprietary Values Adjacency Matrix Proprietary 

Values Graph

m=1 {0, 3, 1} {0, √2, -√2}

m=2 {0, 4, 2, 2} {0, 0, 2, -2}

m=3 {0, 6, 4, 2, 2, 2} {0, 0, 0, √6, 
-√6}
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m=4

m=5

Table 2. Eigenvectors of Laplacian Matrices of graphs K2,m

Graph K2,m Laplacian Matrix    Own Vector    Own Vector    Own Vector

1
(1)
1

−1
(−1)
−1

1
(1)
1
1

2
(2)
2
2

1
1

1 1
(1)

Tabla 3. Eigenvectors of Laplacian Matrices of graphs K2,m

Graph 
K2,m Laplacian Matrix    Own Vector    Own Vector    Own Vector

1 −1

(−1) ( 1 )

0 0

1 2

(−1) (−2)

0 0

0 0

1
−1
0
0

( 0 )

1
−1
0
0
0

( 0 )

2. ACTIVITY: “Complete the information tables of the K3, m networks”
•	 With the help of GeoGebra software, generate the Laplacian and adjacency matrices of the 

complete bipartite graphs for m=1, m=2, m=3, m=4, m=5, and obtain the eigenvalues associated 
with both matrices.

•	 Observing what has been obtained above, write conjectures about the Laplacian matrices 
and their eigenvalues for any value of “m.”
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•	 Observing what is obtained above, write conjectures about the adjacency matrices and the 
associated eigenvalues for any value of “m.” With the help of GeoGebra software, verify that the 
given ones are eigenvectors. Generate examples of eigenvectors and write conjectures for any 
value of “m”.

Activities to be worked on in groups, in a computer lab, or individually.

Table 4. Laplacian and graph adjacency matrices K3,m

Graph K3,m Laplacian Matrix Proprietary Values Adjacency 
Matrix

Proprietary 
Values Graph

m=1 {0, 4, 1, 1}

m=2 {0, 5, 3, 2, 2}

m=3 {0, 6, 3, 3, 3, 3}

m=4

3. ACTIVITY: generate table 3, (idem what has been done in table 2), that allows the study of 
Eigenvectors of Laplacian Matrices of K3,m graphs.

4. ACTIVITY: generate table 4, (idem what was done in table 3), that allows the study of Eigenvectors 
of Adjacency Matrices of K3,m graphs.

The use of the technological resource Geogebra applied to the teaching-learning process of mathematics; 
its importance lies in the fact that it is a dynamic tool that allows the student to gain time to make multiple 
trials in the time of only one development made with pencil and paper, this provides an analytical capacity, 
significantly improves motivation in students and at the same time promotes autonomy in them in educational 
contexts Coloma (2020), Zabala (2012), Real (2013).

     Sinclair and Yurita (2008) researched how ICT improves conjectures and reasoning in any problem. Alemán 
de Sánchez (2002) points out the theoretical advantages of using ICT in mathematics. A competence that the 
student must develop is: “Information processing and digital competence”.

5. ACTIVITY: “Generate and complete information tables of the K4,m networks” (similar to those 
worked in the previous activities).

RESULTS
As it is an activity in development, it is proposed how the student is expected to reach the expected results:

Part Two: Elaboration of conjectures
Process 1: this is the stage of searching for patterns from the analysis of conjectures based on what has been 

collected in the previous tables; the work on the eigenvalues of Laplacian matrices begins.
1. ACTIVITY: to work on conjectures of the visualized eigenvalues of the Laplacian matrix of K2, m.

•	 Is “zero” the eigenvalue of the K2, m Laplacian matrices with what algebraic multiplicity?
•	 Is there any other eigenvalue different from the previous ones? Can its value be linked to 

something found? What multiplicity does it have?
•	 Does any eigenvalue have any relation with the size of the matrix?
•	 Indicate all the eigenvalues of the Laplacian matrices of K2,6; K2,7, y K2,8
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2. ACTIVITY: To work on conjectures from the visualized eigenvalues of the adjacency matrix of K3, m
•	 Are “m” ,“m+3” ,“three”: eigenvalues of the adjacency matrices of K3, m with what 

algebraic multiplicity?
•	 Are there any eigenvalues other than the above?
•	 What is the sum of the non-zero components for the eigenvectors you worked on?
•	 How are the null and non-zero components arranged in the eigenvector? 

3. ACTIVITY: propose work similar to the two previous activities to respond with the visualized in the 
eigenvalues of the Laplacian matrix of K4, m.

Process 2: pattern search stage from the analysis of conjectures, based on the information gathered in the 
previous tables, work begins on the eigenvalues of the adjacency matrix.

1. ACTIVITY: to work on conjectures of what is visualized in the eigenvalues of the adjacency matrix of 
K2, m.

•	 Are “zero” ,“√2. m”, “-√2. m”: eigenvalues of the adjacency matrices of K2, m with what 
algebraic multiplicity?

•	 Are there any eigenvalues other than the above?
•	 What is the sum of the non-zero components for the eigenvectors you worked on?
•	 How are the null and non-zero components arranged in the eigenvector?

2. ACTIVITY: to work on conjectures from the visualized eigenvalues of the adjacency matrix of K3, m
•	 Are “zero” ,“√3.m” ,“-√3.m”: eigenvalues of the adjacency matrices of K3, m with what 

algebraic multiplicity?
•	 Are there any eigenvalues other than the above?
•	 What is the sum of the non-zero components for the eigenvectors you worked on?
•	 How are the null and non-zero components arranged in the eigenvector?

3. ACTIVIDAD: based on the two previous tasks, make conjectures from the visualized eigenvalues of 
the adjacency matrix of K4, m.

Part Three: Generalization of Conjunctions with Respect to Laplacian Matrixes
Process 1: generalization of the conjectures, demonstration of some patterns based on what has been 

collected in the previous stage, work begins on the eigenvalue of the Laplacian matrix of Kn, m.
•	 Suggestion to use the observation on the structure of the rows of the Laplacian matrix and 

conclusions of point 8) of the preceding activities.

Process 2: generalization of conjectures, proof that zero is the eigenvalue of the adjacency matrix of Kn, m.
•	 Suggestion to build a general format of the eigenvector, as shown in tables 2, 3; from the preceding 

activities and prove that it is an eigenvector.

Future applications 
Calculate the energy of a graph (Cubria, 2018) by using the Laplacian Matrix or the Adjacency Matrix and 

establishing links with the number of axes of the graph.

CONCLUSIONS
The experience developed will allow students to share something they have created or discovered. Giving 

specific time for that stage of communication encourages concentration, and the deductions of their peers can 
inspire them, and they will find value in their work (Eady & Lockyer, 2018). In this context, it is inferred that 
often, students who do not excel in traditional classes do not have the opportunity to receive much praise. 
Therefore, technology changes that environment, providing opportunities for all students to shine, including 
introverts and those who may lack proficiency in certain subjects by sharing their ideas in classes. ICT integration 
in mathematics is needed to motivate students, make classes more innovative, promote autonomous learning, 
and make encounters more rewarding.

The experience presented here provides a wide range of advantages, detailed below:

Advantages of the use of software in teaching and learning
•	 It benefits students by giving primacy to thinking processes over manual processes, such as pencil 

and paper, so that they can investigate and construct mathematical knowledge.
•	 In principle, it is convenient to work with manipulative material rather than simply mathematical 
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software to reduce the volume of calculations by hand before moving on to the arithmetic-algebraic 
plane.

•	 Working with GeoGebra is an excellent academic support, achieving a significant improvement in 
the traditional scenario of the learning process, adapted to a contextualized problem.

Advantages of algebraic work, in the teaching-learning process
•	 Working with patterns and regularities encourages the development of different points of view 

to approach a problem, shows that finding an approach does not imply that it is concluded, and even 
allows the generation of new problems that it is concluded, and even allows the generation of new 
problems. It leads to recognizing the value of algebraic language, both to express variables and to 
validate conjectures, relying on the rules of script transformation.

•	 Working with patterns leads to making conjectures, symbolizing them, and then, in the generalization 
process, demonstrating them and applying them in solutions and results to other problems.
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